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In thils article a theoretical analysis is mede of the frequency spectrum
obtained in a fixed cycle at the output of a transmitter operating on & phase-
pules modulation aystem., It 1s demonstrated that the freqrency spectrum possesses
a complicated structure: it consists of an infinite series of fundamental over-
tcnes, short pulses of mean frequency, and infinite series of cummlative and dif-
ferential combination frequencies (between mean pulse freguency and modulating
frequency), accompanying the fandsmental overtomes. Xxpressions are given for
the amplitude and phass of each frequency in the spectrum. At the end or the
article a numerical example 1@ considered.

Nowadays, for the most part, a considerable number of transmissions are
carried on sirultenecusly over the channel of commmnication used for telemechanics,
commnications, etc. An extremely widespread method is that in whick different
froquency bands, filterod on reception, are used. In other cases a ccmmmnication
chemnel 1is assigned, by means of & tranemitting and receiving apparstus, to each
subscriber in turn for very short intervels of time. Often the subscribers: not
only do not- detect this circumstsnce, but do not even notice the presénce of
other parties on the same channel.

There are oxcellent prospecte for the development of a second method of using
commmnication channels, particulerly in view of new possibilities which have arisen
in connection with electronic commtators and with ultrashort wave, decimeter and
even shorter wave radio-lines; the latter is of importance mainly for telephony,
rhototelegraphy, etc.

Alternate use of a commnication channel by subscribers may be eifectsd by
several msthods. First, alternate assignment of & commnication channel may be’
ade for suck short. intervals of time, and also so often, that the period of the
alternating currents of the tranemitted eignale (of telemechanics, telephony, etc.)
is greater than the time intervals. Such g method is known as.pulse transmiseion.
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CONRBENTIAL

L Coennd thae eltsyrata saaionment of A (-.rm!vm:nimation channel' to sub-

- aerivers can be effected for such invervals. of time’ that, duripg each of
thnm,lif is possible to transmit several waves of" altermting clxrent
2ignals

As each communlcation channel has its own inherent characte: istics,

. {frequency, phade), in order to détect distortione erising éw'ing the
use of such an actual commnication channsl; and’ also mutual imterferemce
Yetween various subscribers using this channsl, it is firat necessary to
know the frequency spectrum appearing inh the transmitting appamtua and-
the anmlitudes and uhaeee of these frequencies.

N Are nhmm 1n Figuvre I Hasrg % 1=

The basle times of mlse modiat!
time and Ey 1s the voltage supplied by subscriber No ol _for modulation of
the transmitting inetallation. For greater clarity of thé dlagram, it
1n agsumed that in the glven case the tremsmitting installatiom is deaigned
for only two . supscrlbers, and that 'in tneé interval of +ime ¢ty the trans-
mitting insteliation is assigned to subscriber No-1, and in the interval
of time t5 to subpcriber No 2, Figuro 1 shows the pulses received st ‘the
entput of the transmitting installation during transmission by subscriber
No 1 only., In smplitude-vulae modulation (coordinates Eg -~ t) the dura--
tfom £, of eech’ pulse endiths interval of time 4. 'between the centers of
two & Jacent pulses’ remaih Constant and the amplitude 8g of esch rulss
ie proportlonsl to the momentary velue of the veltage of the trann-
mﬂtted signal. In time-pulse modvwlation ‘(coordinates i “et) ,the amplitude
eg of each pulse and the interval of time #s between the centers of tve
adjacent pulses remsin constent, and theduratiom /. of each pulse is
provorticnal to the momentary value of the voltage ey of the transmitted
signal. In phase-pulse moduletion (coordinetes B -- t) the amplitude o,
and the duration ¢ # of each pulse remain constant ‘and the time 6: of the
advance or lag of each pulse is a function of the momentary value o, of
the voltage (and sign) of the transmitted signal. A descriptior of iha
technical methods of effecting this or thet type of pulse medulatior will
not be included in this article. The literature on pro‘blems of pulse com-
mnication 18 extensive; we shall cite a few articles [-57

The purpose of this article is to study the frequency spectrum
obtained at the output of a transmitting stetior operating on a phase-

- pulse modulation system. For the sake of simplicity, we ehall assume
that only one subscriber, out of the total number of subscribers N,
controls the transmissign, and that the remaining subscribers N-1 do not
trenemit. Let & (t) be & complex signal transmitted by this subscribex
Let us alpo assume that th» function ;' (t) 1a broken dowm into a series
of sine components; let ue limit our examinstiom to the conditions obtain-
ing during the tranemission on a fixed cyc®e of cnly one such simple sine
component forming pert of a complicated signal, Let the eguation of this
simple wave be

. A7
&’Eﬁ—/-e&.s‘/ﬂ(‘r +ﬂ)’

(1)

where /¥ -(seconds) 1s the period of the vave, e, (volta) its amplituds,
E, {volts) the comstant component, and ¢ the phase of the vave.

Let us denote by P the average number of pulses transmitted 1n ome
second, that 1s, the mean pulse frequency. It 1s evident that
during the £ixed cycle each vave (1) will be broken up into P, pulses.
This number, generally speaking, may be any number--whole, fractiomal,
irrational, etc. Let us 1limit our examination further to cases whioch
are quite sufficient for a practical solution to the problem before us:
when P, is an integer cr a fractional mumber. If P4 18 an integer, the
victure of the pulse tranumission of any wave will. in no way differ from
the picture of the vulse transmission of previous and successive waves:
in tl}is case 7T is the period after which the picture is exactly repeated.

i
v
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In the other case, P»z- i3, on the average, a fracticnal nun‘bor,

i . ' and ‘therefore the victure of pulde transmiesion of each sins. wave vich °
a periocd 4 {Beconds) will 41ffer ecmewhat from the picturs ‘of the
previous, and aucceesive waves.  In:this seccond, more gensrai cnse fcr )

the period after which the picture is exactly repeated, it 1s naoeuary

to take a gréater time interval T (ssconds) which for en integer 1s onee
again as large as both the period T of the transmitte” ‘sine waves and

the average time Intérval .ly (seconds). of the’ recurrence o’f tha pulses.

‘Iet ug denote by ¥V (cycles) the frsguendy- of. the transmittod sine

s vave, It ie clear that

o ]
Y.
{(2)
let us Introduce the notation
Tome (X T
(3)

Aceordine to agreement, X i an 1nteser.', Tho particnlar vane Jnat.
pentioned (P 7 being sx ijiteger) corrasponﬂn with the & . 1.

Figure 2 ahovs the ¢istribution of trunmission.s 'betvoon individual
subscribers during the time interval'T.' Here the tims intervals during
which the trenmsmitter is put at the disposition of subscriber No 1 are
crosphatched.. Jt is evident that each pulse 18 lopated sgmewher. within
the crosshatched area, and that its position i dependsnt.on ths mowentary
velue o of the voltagé of the signal tramsmitted by this subsoriber,
indicated in Figure 2 by a contimuous curve.

hY

Figure 3 illustrates on anm enlarged acale the segment of time
correeponding to }zho crosahatched erea b in Figure 2. At the moment B and
until the’momnt—'-*;‘#/‘ 5 the transmitter is at ths dispositiomn
of subscriber No'l. If subscrider Bo 1 made no transmission at all, the
center of the pulse womld ‘coincide with the cénter of the time interval
assigned t» this subacrider, i.e., it would correspord to the momsnt

e o — 2:‘_-N+/ .
a ni 2PN ()

It i evident that n varies within.the limits
0&LngL PT—1.
(5)

-Hovevar, ‘at moment \h) the momentary voltage transmitted by eubscriber
¥o 1, :in accordence with (1), will be

(2, N+1)7 3
ent =Eo+ e [FB T e

(6}

As a result of this, pulse number n +1 will be transmitted later,
st 4,1, (ssconds), and :

4 = € & +[)
EnT ” (7)

where € 1s the factor of proportionality.

The duration f (seconds) of a pulse and its amplitude E (volts) do
nct depend on the pulse cardinal number n.

-3 -
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Let ue dencts by 8 the relation ef the time interv-* 7# dsrh;
LHeoh the «"nmqu ia 'at tha'dlannaitim of each subserihar. bt +ha

pulae durationé" , 1ie,, S

= Biiy BRI (8

| Tt may be ssen from Figure 3 that the grea.ten poseible valus of 4
rmat satisfy the condition
- £,

é’maz —‘1}9” 2 o - . Q?".
or, in sceordance with (8), s

ey
ﬁ?ﬂdzﬂ

Q.P//\.
But as it is evidont on. the' 'basis of (7) am'i (1, that

T Bman = E +53a1‘

it followe that

"tE +ee,= fﬁ%

Let us denote by /4, the. fractional modulation of the mi&blo oom-
ponent and By &g, part of the largest prssible valus of the constant
component; obviously

0%p .+ <1,
0\(‘4‘4’
0&pg <l

'I'huu, we can write expression (7) in the form

m
_(_9_ N+
bt = g_p/«/s {(uE +(“e$mL mPNq— +(g}} (9)

It is easy to see from Figure 3 that during moduletion the ‘center
of a pulse will ocorrespond with the momemt

Tutl=ocp,tI+4 6t
or, in aszordance with (4) and (9),

@ ;v+/)
Pt = 27::/1\2-;/_/ J.PNS f(“g""f‘as"‘[ - 77+P]}

10)
Tho Rt £, of the bogiming of the pulse vill svidently o

and

Ehpy=Lmti = _é,_,

or, in aoooraance vith (8),
LA =Lyt iﬂm

8filerly, the moment 1%,, of the end of the pulse will be
+ive
tae =Tt T IpNS

(1)

(12)

CONTOENTTA g
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The ‘problem of deteymining . the f‘zeqmncy apoctr\m obteimd ‘at’ thn
our.pur, of & transmitter aaounts £6 breaking down into 8 Fourier Heriew
the ‘pulses shovn 1n Figure. 1 (coordinates B, -- t). The breabiewm inmto
a Fourisr series of pnlaés ‘cbtained in tha absenme of medulatién wiy be
ropreqonted vy sufticlently simpls, weli-knovn relations [3-17 R Yarim
authoPs’ have been intereeted 1in questione on the analysis of pulse trans-
misaion.. ‘Thus, for exampie, it is known /B/ that this question vas wiudted
by Oowon /1920). and Fyquist 193€), but thelr vorks weve not publisksd.

It ia'likewlse imown that. other authors [97 produced very bridf

data toiching the problem which irterests ws. Ths oxtremsly great value
of ‘pulss ‘transmigsion requires a detailed snd examct examimation of the.
problem formmlated and attainment of the nscesszry relations 4n & form
vuich will permn their inmedtate pru.ctica.l uae loaumg to A mmsrical
result.

The curve which e aré, abodt to.study, 29 shen in Pigures 2 and 3,
hee 2PT voints of interruptich and congists ‘of rectilinear sogmenta
barallel +0:the ‘axie of the abaclssasor coinciding vith the axis of the
absciuas.

Thus, if-F, (t) im the ‘function Ve are expa.uding into .3 Fourier
deries, we may write. .

Ft)= —+§¢‘,ooc‘~—q‘—éﬁ'— +§ rm2 wf . (].-5)

The coefficients of the Fourier meries are determined, as usual,
by the relatiors T

2.
5= o= F(t)dta
T g (14)
7 It
4
_2 cos. 2 tnt (15)
or a*’_-'l—: S Ft)eos T dt, -
—r’ (26)

b __._‘lF(t)sm 1‘-"’" dt
Here k is & positive inteBer receiving a value from ome to infinity, i,e.,
1< 4 £ eo. (17)

The Punction F(t), in accordance with Figures 2 erd 3 and (11} and
(12), equals B in the time intervals

/
t'n+l—'—m LTL Truy +2—_PNT (18)

and equals zero during the remaining intervals of time. Here n has integral
. values (5).

Lot ue begin by caleulating the integral (1%). Taking into considers-
tion the oromerties of the function F (t), 1n accordence with (18), we have:

2 PT— Tt 1+
“TT 2 Edt,
-0
. * r‘h"‘l - 1'PNS
or
__aE
0="Ng (19)
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. accordance with (18),
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Iet us caloulste the second integral (15) 'I‘aking 1nto conaidmtibn
~hs properties of the fumcticn F{i); in ucwruance with {18}, we mve

et \
prat” /""IILWE

2

or m Togt] — ’lPN.s \
=-E*‘_ g (2’5"”’%/ ) —sin (:.er
n=0 /"”S PMS‘ ]

" Pt & i

Cipos ZE o fTr Ayt

ﬁ g SR cog ”
: T UPNST e 5% (20)
P T

Finally, 1et u3 ‘calculete the: 1ast integral (16) .Ag&in taking into
consideration the uroner’ciee of the ﬁmction !‘(t), we shall obtain, In

oy rwﬁfhp IR

ba=% Y " Esin %-é'_"z_ﬁ dr,
Py )
or EntiTens
PT-1
_.,_ {* é’rr,u_, Ar Y __, 9.16-7’1‘ )
Z" Z [oosf + BrstT ) —ees(FEEm “prst) ]’
- PT=1
byeBE sin 2T ;:/tWr 3 sin 25700 ()
neo

Nov, taking into consideration (19), (20), and {21), wo can write
the expression (13), which intereets us, in the form

@ 9E . 4 L r"’ 2% 1
_F(t)=7,Eg +§W$’ s V —_:””"-;-
—, .

PNS‘T

+ PT—I A

+Y _2E _; _“'_'r__sinm—- 242T  (22)

2, ar °PNST 72 s T,
H=0 T‘

or (see Appendix)

EP — (2! au)" | :
Floy=L + ML S ) ) (20 P+ v o A |
e 2 = w+w 7/ PNS Jsin A

Xcos [l(’HP'F?ﬂV) 7r[+”77——+9np ﬁg/S-—/)/uP+3,y)z
& PNS
+ -_Z_EP_ Feg cs—1) wpP— .
,‘Z‘. Z, (v P—opri),, Jom | s PNZ MV)W] $in (-LP;V:’)W X /'
cos [2 (v P—my) '7—2'—‘_ mp— Me (S—/)(.Up__my)rj ‘
. o

(23)
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Such in the final exvressicrn of the breakdown into a Fourier seriu.
We soe thet a frequericy soectrim during phaae-pulse moduiation has & com--
vlex structure. XYet us anmlyze ths result obtaimd. ‘

let us flrst obserwe that the megnitudes T cpd O do ot enter 1nho
our breskdown (23). This meang thet the frequency spectrum cbtained does
n0t depepd on Whether oF not the veriod T of & modulatad Yave is a wnltiple
~? the average pulse rerlcd P- .

In the frejquency smectrum obtalned. there is 8 constant component
determinod by the irgt mempor of the right-handside of Permila (23},
The macmitude of the conétant ccmmonsnt g 7

In the anectram therc are cuxmuat*ve, combinatien oompumnts forming
a daal ssries for which ihe frequencics; amplitudea and phesee will scoerd-~
ingly be

Va == P 21y,

t2EP ) _/_ﬁs—l)(up f'?nv)ﬂ (uP-I#mDa;’
e f,m.m-/(’uP-rmu)?rJ ‘ PNS si. PKS (26)

Potm= mr_%\/ﬁ_f. m@-- WE(S‘/)(uP-I-onv w

PKS :

Here the ordinal number u may be any positive integur from cne to

infinity, and the ordinal numbser m, zero or any vositive integer from

ons to infinity. The ordinal numbers u and m cen enter into any combination
with each other. :

(@7

As m mey equal zero, we see that thsre are in the spectrum components
with the frequencies uP which are overtones of the oulse frequency P. Fach
pulse froquercy overtone has an infinite numbsr of cumlative side com-
ponenta (obtained whep m+*$0); these Preguencies are located on the right

Formula (23) shows that in the spectrum there are also’ differential
combination comvonents, forming a dnal aeries, for which the frequonciles,
ammlitudes and phusss will accordingly be (28)

v— o= |V P—n v,
2EP pe (=P =mVIT) 0 (oPri) /, (29)
av—m=]| (vp—my]w J’"[ PHS PNS

Heve the ordinel murber v may be zero cr any vositive integer from one 4o
infinity, and the ordinal rumber r may be any posltive integer from one
te infinity. The plus and mimus signs in formule (30) refer to casea
vhere v is greater or less, respectively. than.2Y. The ordinal mumbers
v and m may enter intc any combinetion with each other.

. As v may equal zero, we see that there are in the spectrum compoments
with the frequgncies my, which are overtones of the modulating frequency V.
A fundemental tone 1s ohteined when m » 1,

CONFIBENTIAL



© 50X1-HUM

We 11kewisr see from formulds (28) end (29) that each freguensy
Tulss overtons wP has an 12€4314s number. of ‘differential aide som-
penents; these Trequencies are logated o the: left as voll as to the
right of thelr fundamental overtome v ¥ e

] Let us observe that cosine functions of the time enter into

" formula (23), whersas. the modulating wave (1) 18 a sine functiom.
Thia weans that 1t is necessary to add the angle I€ each time to the
value of the ohases Putm andgy—m, celeulated ‘In adeordance with formuliag
{27) and (30). Furtpermore, in caloulating the phase, the migns of
amnlitudes (26) and (29) mist be verified, "If the amplitude obtainsa

13 negative, 1t 1s clear that, in this case; the angle 7 must be added
to the nhage, Lo .

For a graphic represshta+ion of the freqisncy spectrum chtained
and of the frequency amplitudes » lot ug take d mumerieal example,

The number of subeeribers ia

Ne=£. (31)
The ratlo of the time interval, during which ths transmitter is a88igned
to each aubscriber, to the pulss duration 18
S=4. (32)
The fractional modulation of the variable component is
u ——
Fe=1. (33)

We shall express the médulating frequency in terms of t;he avercsge mumber
of pulses per second R

v=£. (34)

Lot us take the pulse amplitude as "

E=/200 (35)

since in this case, at the mmerical values (31), (32), and (33) tue maximm
velue of amplitude (29) comes out équal to 100 (in the absense of modulating

f'raq1)1ency and vhen the ordinal number of the fundamental overtams equals
» 26r0).

Figure 4 gives & graphic interpretation of the spectrum obtained in
the given case for frequencies and their amplitudes. Finally, Figure 5
represents the spectrum of frequencies differing only in that the modulst-
ing frequency has & value not of (34), but equal to

Y= ,%- (36)

It 1s easy to see, on the .basis of Figures L and 5, that gilde bandm can be
comStructed quite simply if subscriver No 1 does not transmit Just one
frequency, (34} or (36), but a yhole fregquency bend.
. -APPENDIX
let us take relation (2F) Tor the original expression, I.e.,
= E T _2E _. Aw 247 L1 4
z)=_% 2041,
F(t) S +Z Tsin co 2 T71+/
!

PNST 5 T coc +

(2]
+ 2B sin AT i 2wt sy -
E: & BpsT 7 go‘/”T\«ﬂ (37
F(’t)‘_‘ﬂi ._'Lf -'Z—_”_ES/'H Av g'—, 24 2 2‘75.,.\
4=/

PNS rz-a cas T ﬂee)

or

ORIy
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for ‘further transfurmation: m’ expression (38), let us introdnco,
for the eske of brevity, the notatiom

Eﬁ Z_c;o_s ———-2%;_’”* _.——--.iLwt‘ﬂ.tL),

r, taking (10} 1hto account, we 3‘1&11 o'bta.i.g

(39)

o oo QNN BT | M [S—/)Am
K ;0 5{ PNT bt ,0/{,5’7'
-f—f‘i(S—/)ﬁwve Ir(ﬂ.n//-f-l)w ; ] okt . (ko)
ot PrST
PT=/

Re= 3. cos[Antg+ Csin(Drut- 91, Y

vhare tho f‘ollowing designations are ‘wade for brevﬁ:;

g 4,7;;3_’_ s 240t (k2)
¥ PNT . . FNST T S (63)
o fe (S=1)A T, -
PNST (hb)

b= 27

= (u5)
and ‘

¢=P/VT+€ (46)

From (41) we shall have
P g_/f—o:(/?”'/‘ %')‘ °$[CJ’"(D"7L</)J -
A=o

_ 5‘ sin (Ant@) sin[Csin(Dut@T- U7

=0
Iet us use the well-known L‘T.;] relations between the trigonumetric
functions and the Bessel functions, which we shall herewrite in the form

&bs (CS’”Y)’:Jo /C)—'—ZE J—g_w, (C}C"S 29’!)” . ('JB)

-

SInCCsinY) =2 Typyey (€)SIN[2m—1)7]. -
Popms } \

Expression (47), on the besis of (48) and (49), will take the forn

Pr-1
R= 2] coslhriy) I, (C)-+
0=
PT-1 .
+ co. ( . 0 —_—
Za s A?H-Wig Lo (Cleos[2m(Dp4-¢) ]

pre|

~ S inhn+ go)-zz Lt (€500 [ (220 1) (Dot )],

=(
7 o=/ (50)

-9 -
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or, changing the form of the addition, weé shall obtain

R=J, (C)an;(Aw+<}')+ _ -

40 T

*2 20— (€ G"J[[(27n—1)0+/47?z-)—[(2;~-—l)¢+ m.;.

prt

+SJ1>”€C)Z cosf[(29) D+A] w+[(7_7,,)¢+¢,1}+
' o
*ﬁ (=127 a i (€ Z cos {[(29n—=1) D~A] ?r«.‘-L’(Q'-»-:-l)?‘-W_]}-f-

)7"'0

+i{—)””szfC)Zcos{[(lm) D- 4]?7+[(27n)90 @I} (51) I p
Dpmaf :
I.et us oxanine r.ne exprodslons 1n the seccmu BHO TRIFG Lidton vi »ummssss : ’ 2
(51). We oh#ll see that these expressions. differ caly in that in the ‘seammd
1ige the addition is cerried ‘ot for all odd values and in the third lie
Por all even valuss. .Thus, both expreseions in the second amd third limbe
‘may be feplaced by one gemersl expresaimm.; Exactly the same thing cexl ¥e
done with the expressions in the fourthi .amd fifth lines. The expressiver
“{n the Tirst line may alsc be joined with the expression$in the ssoond and

third lires. Thus

g_zj,, (C/Z o c[(mD+ W) nHm 9]+

n=p
i‘“” e <()2cos[(m0—/un+(m¢ #)]-
. (52)

. Let us uee s kuown ﬁg] relation, vhich wo shall write here in ths Zorm

P! n 2Ty
S st o c,o‘s‘[(PT—l)% + 5]
7= sin ¥ " (53)

Expreseion (52) with calculation (53) takes the form:

P D+A),, (PT—=1)(m D +A)
sin o8 t (g )
‘ m=0 sm—-l
- Pr(»,,b —A)  r(PT=1)(mD—A)
oy +‘§'(—/)”’/ @M cos | Z +(,7',’fl)j
& sin P D=2 (5]
2

1t follows frem (45), (42), (46), and (43) that

z  TPT Ter’ (55)

2 Pt = FT ’ (56)

M‘P+W-—PN1’+ ﬁ‘/‘ 44'7/ +ME(5 /)ﬁ"” 2£7rt

and

(51)

P _ T (S—-l)ﬁ t

Py =pyet "€ /"VT P/vsr T+2€:T '
(58)

- 10 -
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On the baais of (hL), (55), (56), (57) a.nd (58), expresalon (%)

a: . . -takas tha fork

?__iJ [__5(»5—/) A""]sm/”’”'r-/-,ér)x
o Les[(PT= l)omr (PT—1) A ﬂ5(5—-l)
X 5=+ PT +PNT 'f‘ +FNT PNsrh ]“%‘]
o sm(
. +2‘ (_,)MJ [ﬂe(i;i)r/&W] ('m'rrr ’é)/\/

==}

cos (PT~/)?n;r ”vT—-/)/ﬂ‘lr i et Lot
X [ P7 Fliz "’7‘9"",;[:}7; T S 447"!'2—7— N f
. Sin {20 _ f‘ﬁ' . . ) .
Pr PTJ : (39)

On the baels of {(39), (59}, end. (3}, expresaion (38), vhich i oF interast
to us, -can now bYe writton in the form

F(/t): Z #25 Sin[(m & =) wd sih /’A/:KT > —ﬁ&w X

4l PNSaT
9 4

Cas‘z 0?‘1_7’ /p{xT—’-D/ (mat-f)x _ ('maj:éﬁzz ('(E(\S—liz

X ks PNS & ¥
Aagsin(rat+5)g +
xXT
_ kar Co(S—1) A

+ﬁ§:«§2t_w[(w“ BIT ] i o [ GO £ [

cos [ZET | (Prr—)(ma—~h)T | (m_/s.nr

He(S=hx

X b T * Pecr T Phar +ap-ll /’NS«);"

(—1) 7"k m‘n‘l"‘p“_";zl (609

As m, x and Aare integers, we see that the numerators of all the
exprassionn under tas sign of e double sum are alvaye reduced to zero.
Thus, as a rule, members of a double sum reduce to zero; execeptiom may
be made only of those members in which the denominator 1s reduced to
zero at the same time. Such members become indeterminate, of the form

v It is therefore necessary to study them further. Iet ue write
expression (60) in the form

Fo=+2.2 ¢ (hm+3 3k,

1 mmy
(61)
vhere for the sake of brevity the following notation 1o umed:
6, (A )2 sinllmex o] sin et [5A8T] X
cos[2hnt  (Par=t(nat+d)m  (math)w_,, M4 (5-Dbr

x [ Po PNexT 5)\/511.
b sin 2T E]T S
Patr :r,\\).
\ozy
.11 -

Wﬁ?umt
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&, [k’ m)=2E sin [(”fno(——é)?"].?m A rff.(i';’?fl])(
4 Fi¥ Mvz‘ T PNSRT
v 3__7{?’ (Paz—))(ma—th)r, Sy 5]
o[ (Cer i, (e mp- ]
T Yo Ly (P — R TT :
) Avrsm._._p;?_._-‘ (63)

Lst us begin by studying exvraesicn (62)." 'We see that the derominmetor
¥ this expression reduces to zeyo, if Lo

LCAA%S
wet kg,

X

b=u(gFr-m). ’

(65)

E ’ . i . . i . U gLl ..
nere., SUVULL LM VU TALOUMDRMY,Y ¢ MOV LY M JUUVTERTL L\ BUDLUVLYD O OUgaL1ve §
‘OY 28ro.

- Asik, &¢, Wrrand m are .positive integers (and in addition, m way also

e equal to zero), It follows from (65) that o!‘r o mst ‘be 4 positive
riurber, ‘and this w111 be ‘trus 1f

Pr SIS
(66)
Whence it follows that q can only be » positive integor groater than E?'.

The indeterminatenssz of expression (62) under condition (65) may be
shiwn by the weual method

lim G (#,mm)= . o Eres Fﬁ}(&‘—/)iv
»é-'a(qP—r—-m) kw(qP-,_,,,; ms[(’m-’-/a)mwpw TV ooz | %

‘w[ L&‘:%(_:ﬂ*_ﬂzf Qd_.__. .ﬂgﬁ:_]
win _&+icoow

+ AEsin [ornt- Dﬂ Sln &(S—l 2‘,]
sin ﬁtﬁw*_ﬁ}“ ﬂz dlz PI/S«:- FSxr

X“"[,(T (Poet—-l)éﬂa‘-ké)ﬂ Mw ~mp— ‘t‘s-l)‘"j} (67

The ascond component alvaye reduces to zero, the first comporient,
reogardless of whether the integers qPxr and q are even or odd, takes the

form:
2EP (gP—m)r rﬂc.(S—l)(qP—-MV)vr]x
k»«l('(,";f_”gé = (gP-m¥)or Sin =5 ! PN X
X 5‘6‘[.2(7'0— my) ml— _7—‘/)!— m@— Hel(S— /)’{;\:‘?ﬂ V)rr]
(68)
.12 -
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Lot 48 trocesd to gtudy the ascond erpresawn (63) We see thas ke
... denominator of this exvresasion reduces to zero 4# L

wa——ﬁo_______rl g : .
or Pat : SR (69)

{70)
Here, by agreemsnt, r mist bs an integsr (positive or negative) or zerc.

Ae ¥k, X, m and Px7 are positive integers; it ?011mﬂ fyrom { {70} t"-*
m - Pz miet be a positive number, and this will be true if

(71)

Whonce 1t follove that r can be any negative Integer, zero, a.n& any paaiti'm
integer less tmun ‘

Errs—e R

| The ‘indeterminatensss of expreesicn’ (63) \mder oondition (70) ney do
shown by ‘the. usual method:

ol s s e

“ Xl&t L (Pe me DT, (o RO Bl g

X (um—Lﬂm-(—u
ZEgin X
(—Was ”"" ._(-/)»;_P_-arT—"“

"Rf"'”ﬁi% Peaadtx
Xl Bt g e |y DT )} ,

Wherce, by analogy with the foregoing, we find:

hm Mﬁ“ﬁ)-ﬁ hu—rP)-_r / I&!S =) ber—r 28]V

(72)

\/‘-..r’) r’jll(:'r T)’p+" /€ Il\‘l; _‘:J_\_i_ _—
s \n ;i — _a g L
L ¥ s

(73)
Iet us nov put 1n expression (61), instead of G (k,m), aud Gp (k;m), their
values' (68) and' (T3); teking tato account likewise (66), (71} and (2), ve can write

e
w

"’WEMM{
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( * 2EP. C—1) @B —w,

l_? . » ‘*9;2%150@,, "“'Mﬁr'_f]n@p et
o @GPV (S )P T
X:'in .&_FNTEms[l(qP- 11_'1'.!' L "/V.S'. ‘ ]_‘_
oF sy

0 Mwi

Xeas {2 r Yt L bt o &___\ Lerm,

S
Loor

CP(t): _.+y:§ 2_(»%:{) _J, I“.(s—');/’:;—rp)f < S o
XS"”‘#?“;?LVGMZZ(»;V-JP)#-}-”.}W.’. ,,,,,m G- D,%-r-rp)-j+ e s
A ,g, S L

- G - W—J’P)r" L S F> -

Xml-ﬂ(w-rp)wt-f e H»ﬁ-m-— cE(S-/) éy- ) _'_

;
(ap ) Wﬁ%ﬁx o

x‘"[l@l’—w)ﬂ— — f‘xﬁ_’)(%’—w)_rr]
(74)

Let us introduce the notation
— = U,

Taking thie into consideration, let us rewrite exoransion (TL) in this form

Rt E 1S 22 o 9] sin T X

stTZVPwt -2 Mﬁ’ﬁ'_

+§ gﬁ;ﬁ,/,[us_—%z%m_ @)y

. c—) V)f
: cu[Z(I‘P-f- m))r'—“—% + 3 f-amLEC 2,6(\:-}-:- +

<L

2£p Do _
+2‘r§m(“')"f. Yoot )i G ol

Xeos [l(ibv-— rP)’t.,.%.ﬂg _ﬂgﬁ%&] +

+ § S [ e

X“}}@P ot 95 — g b5 n@p_m»,.]

(73)
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‘ Jore the meximum mumber r Cififsvsfrom the minizum mimber ‘g Wi o
if m—ﬁ—i\e not am integov, and by 2 if—"‘";-"— is an integer. However, 1f B .-
iz kntwn to Y5 -an integer in adme expression, then it 1s possible to '
assum that in.this ceee alen the minirim number q is greater by 1 than'
the nugbsr r and thal eiihér r orq is’ equal to 2,  Although we are
thersby formally introdueirg into the spectrum, it would saein, one
48d1tional new frequendy (squal to.zero), as a matter of fact we are
not adding snything, insumuch &6 the amplitude of this frequency is
vaken Yo be eaquel 0 zero in dccordance with formla (75). Iet us
introduce a new ordinsl mmber F in the mddition and vrite expression

(75) 1n the form ‘ B
Flo=E+ g—’;-‘é«&"?'—‘—, ELE sindry
S Xees [2Prt - 97l D 2y o (
S R__P S Dps i GPtay .
+5§§(~P+mhr“"’*,u]' SR [ty onnely

Xeos[2OP )t — T g S DOP F 2],

\ it no J e ‘
X g o X »
xw:[?.(’lP_ )t = ‘%’—"»@4%' (76)

Hare v 1e any positive integerr or zero. It 18 easily seen that i€
v 1s greater than 5, the last double sum of formila (76) is wedn od to
ths last double sum of formula (75); and that 1f v 1g less than ~, the
last double sum of formla {76) is reduced to the last double sum but ome
of formla (75) and, finally, that if vequala—",%'-’-’the lagt double sum of
formula (76) is reduced to zero.

Let us combine the firet sum with the first doudblo sum and rewrits
exprossion (76) for the last time in the final form

-E B8 2P B DGR Mo i P+ e
FO= s+ T S/ [EE= Dt I iy @ Lmi

Xe o.s[ 2Pyt — lNz-f-;hﬁ —ﬂ%ﬂﬂ]ﬁ-

+§ 2 ‘ﬂ » J” [{gﬁ* / é?::—h}’t!':{smﬁip;bﬂof x
xcas[l(bp—- )t - ..!’”t_ "F - Mcf;w_] .

This is also formula (23).

(17}
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NANR TATXIMTAT

CONFIDENT AL

Sanitized Copy Approved for Release 2011/07/06 : CIA-RDP80-00809A000600250093-1




R

50X1-HUM

cmn

1. Black, H.S. m/fmc 6~-A Micrcmave neuy syste-, Bell h'smtwm

nauoz‘u, :_), .L::, ~)1 -uu_) \.L“'"l))

2. Grleg, D.D., Multiplex Broadcasting, Blectrioal Cc-nicatim,
23,"I, 19-26 {194€) .

3. Endall, R,, Microwave Pilse Modulation, Radio Bews, 35, 4, kl-ki,
B8R, 90, 92, oL {19L6)’

k, Xelleher, J.J,, Punlse-Modulated: Radio Rela.y unirhnt, Electronise,
19, 5, 128-129 {1946)

5. rulse-ums Foduiation, Redio u’ax‘&, i7, ;, 181, 197, 198. \.19353

6. Lockbhart, C.E., Television ‘ﬂavefamn R Eleonronic Engincering, 13, 172, :
23 (193&") f

7. Lattin, W.J., Fote on.the: Fourier Series forr ‘Beveral Pulse Yorme,
Proce edinga o the Institute nf Radio Engineers, 33, 11, 783 (1915)

11. Whitteker», E.T., Watson, G.N., Coures of Contemporury Analysis, Part 2,
GTTI, 193k, 195

12, Rg:hik, I.M,, Tables of Integrals, Sums, Series and Products, comnum.,
3, 273

While this article was being proofread, still ancther article om
frequericy spoctre appearsd:

3. Ehlmsan, Ya,D., ¥requency Spectra in Time (Phase) and Frequsacy-Palse
Modulation, Radiotekhnika 1, 7-8, 52 (19k6)

8, ' Bemett, W.R, i Time mvilion Mnltiplax Byatem, The Bell Sywtem Techmical

CJournal, 20,2, 200 (1941) - \ _

.9, Ro’berta, ¥.F,, Stimonds, J.C., )hlf.iohaml Omiution Bystons, ‘ e
Wireless Enginser, 22, 266, 5k (19%3)

10. Privalov, I.I., Fourier Series, 1930, T8

[Flgures follov.] :

-16-

CORFIENTiAL

. b

Sanitized Copy Approved for Release 2011/07/06 : CIA-RDP80-008( 00809A000600250093 1




 Sanitized Copy Approved for Release 2011/07/06 : CIA-RDP80-00809A000600250093-1

- 50X1-HUM

B EaREn
B nand f
N1 s

N ; oF Taise Mcfuletion: E,-- form of signal,
srmlituds -- vulae modulation; By -- time --

roiulstion.

?‘l'.;ur‘f: 1. Saedeem
Aemending on *oonod
awlss mefnletlaong T

Iurber of nulses

i y
N
N
N
-~ - - N
N
— (t
\/Num'ber of ‘\ W
- gubacriber~ |
/ he) TomeDES subecrd- %_Z
0 'F'é' g 'PJ Y 1 berina T
tranpmitting

o

Tars . bisevitubior of Tecramigsion Time Ttween Tndlviduel Suhscridbers.

e

1T
L
A=

3 Cow ilu %’.

Sanitized Copy Approved for Release 2011/07/06 : CIA-RDP80-00809A000600250093-1




Sanitized Copy Approved for Release 2011/07/06 : CIA-RDP80-00809A000600250093-1 -

50X1-HUM

o

Figurs 4. Frequency spectrum and frequency amplitudes up to the fiftsenth order of the
fundamental overtone and side freguency components (up to the sixth ordex inclusively) with
numerical valuee (31), (32), (33), and (35}, 1f there ic only ome modulating frequeancy {3%);

the figures in the diagram represent the indexes u + m and v —m with a fisom the fu
(26) and (29) .
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Figure 5. S8pectrum of frequenvies and their amplitvdes y

; P %o tho fifteentk ord T
the fundamental overtone, and side camponents (up to the sixth order inclusive) v:thszh:
numerical values (31), (32), (33), and (35), if there ie only one modulating freguency {35)
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